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^ ' Abstract 

CN ' We investigate the sharp large deviation properties of the energy and the maximum hke- 

hhood estimator for the Ornstein-Uhlenbeck process driven by a fractional Brownian 
i motion with Hurst index greater than one half. 
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1 Introduction. 

Since the pioneer works of Kolmogorov, Hurst and Mandelbrot, a wide range of literature is 
^ I available on the statistical properties of Fractional Brownian Motion (FBM). On the other 

'sj" I hand, one can realize that its large deviations properties were not deeply investigated. Our 

O ' purpose is to establish sharp large deviations for functionals associated with the Ornstein- 

^ ■ Uhlenbeck process driven by a fractional Brownian motion 

(1.1) dXt = extdt + dw," 

^ I where the initial state Xq = and the drift parameter 6 is strictly negative. The process 

^ ! O^t^) ^ FBM with Hurst parameter < H < 1 which means that (W^) is a Gaussian 

process with continuous paths such that = 0, E[iy/^] = and 



2H 



The weighting function w defined, for all < s < t, by w(t, s) = w^s ^^^/"^{t — s) ^+1/^ 
where wh is a normalizing positive constant, plays a fundamental role for stochastic 
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calculus associated with (W^). In particular, for t > 0, let 
(1.2) Mt= [ w{t,s)dW,^. 



It was proven by Norros et al [12] page 578 that (Mf) is a Gaussian martingale with 
quadratic variation <M>t= X^t^'"^^ where 

H)V{l-2H)V{H +1/2) 

^ ~ r(i/2-/f) 

and r stands for the classical gamma function. In addition, it is also more convenient to 
study the behavior of 

(1.3) ^t= [ ^(^' ^) dXs = e [ wit, s)Xs ds + Mt. 

Jo Jo 

It was shown by Kleptsyna and Le Breton [10] that whenever, H > 1/2, relation (11. 3p 
can be rewritten as 

(1.4) Yt = e [ Qsd<M>s+Mt 

Jo 

where the process (Qt) satisfies for all t > 



with Iff = A/// (2(1 — H)). Consequently, we shall assume in all the sequel that H > 1/2. 
It follows from (11.41) that the score function, which is the derivative of the log-likelihood 
function from observations over the interval [0,T], is given by 



^t{0)= I QtdYt-9 [ Qld<M>t. 
Jo Jo 



Via a similar approach as the one of [3j for the Ornstein-Uhlenbeck process, we shall 
investigate the large deviation properties for random variables associated with (II. ip such 
as the energy 



T 
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(1.5) St= / Qtd<M>t 

Jo 

as well as the maximum likelihood estimator of 6, solution of St(6') = 0, explicitly given 
by 

(1.6) er- 



J^QU<M>t 



We also wish to mention the recent work of Bishwal [1] concerning the large deviation 
properties of the log-likelihood ratio 







'o^ -Ji] 
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^0-0^)1 QtdYt- ^ I Q^,d<M>t. 
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As usual, we shall say that a family of real random variables (Zt) satisfies a Large 
Deviation Principle (LDP) with rate function J, if / is a lower semicontinuous function 
from M to [0, +00] such that, for any closed set F C M, 

limsup ;^logP(ZT eF)<- inf I{x), 

while for any open set G C M, 

- inf I{x) < liminf ^ logP(ZT G G). 

Moreover, / is a good rate function if its level sets are compact subsets of M. We refer the 
reader to the excellent book by Dembo and Zeitouni [7] on the theory of large deviations, 
see also [2], [9]. A classical tool for proving an LDP for 5*^ and 6t is the normalized 
cumulant generating function 

(1-7) £r(a,&) = ^logE[exp(Zr(a,6))] 

where, for any (a, h) G M, 

(L8) ZT{a,b) = a[ QtdYt + b[ Qld<M>t. 

Jo Jo 

The random variable ^t(o, b) allows us an unified presentation of our results. In fact, in 
order to establish an LDP for St and 6t, it is enough to prove an LDP for Zt{0, a) and 
ZT{a, — ca), respectively. The following lemma provides an asymptotic expansion for Ct- 
It enlightens the role of the limit C of Ct for the LDP, as well as the first order terms Ti 
and ICt for the sharp LDP. One can observe that it is the keystone of all our results. 

Lemma 1. Let /S.^ he the effective domain of the limit L of Ct 

Ah = |(a,6) eR^ / 9^-2b>0 and - 2b > max(a + 9; -dnia + 0))| 

where 5// = (1 — sin(7rif))/(l + sinijiH)). Then, for any {a,b) in the interior of Ah, if 
ip{b) = V9^ - 2b, r(a, b) = ip{b) - (a + 9) and rT{b) = rH{^{b)T/2) exp(-T(^(6)) - 1, we 
have the decomposition 

(L9) CT{a, b) = £(a, b) + ^7i{a, b) + ^/CT(a, b) + ^7^T(a, b) 

where 

(1.10) C(a,b) = -i(o + + ^(())), 

(1.12) ..(..) ^ 4,0.(1. (Mi_zp).,(,). 
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Here, In is the modified Bessel function of the first kind 01]/ and the function th is defined 
for all z & C with \ argz| < n by 



7T Z f 

^h{z) = . , „J Ih{z)Ii-h{z) + I-h{z)Ih-i{z] 
smiirH V 



sin(7rif) 
Finally, the remainder is 

^ ^ ^'^ 2 r(a,6)(2v;(6)+rT(6)(2^(6)-r(a,6))) ) 

Proof. The proof is given in Appendix A. □ 



Remark 1. By use of the duplication formula for the gamma function Jli]/, one can 
realize that if H = 1/2, rniz) = e^^ + e~^^ which immediately leads to rxib) = e~'^'^'^^''\ 
Consequently, in that particular case, /Cr(a, b) as well as 7^r(a, b) go exponentially fast to 
zero and we find again Lemma 2.1 of which is the keystone for all results in f^. 

2 The energy. 

First of all, we shall focus our attention on the energy (St)- One can observe that the 
strong law of large numbers as well as the Central Limit Theorem (CLT) for the sequence 
(St) were not previously established in the literature. 

Proposition 2. We have 

St 1 

(2.1) lim — — = a.s. 

Moreover, we also have the CLT 



Proof of Proposition [2]. The almost sure convergence (12. ip clearly follows from Theo- 
rem [3] below as the sequence (St/T) satisfies an LDP with good rate function / given by 
(12. lip . It is not hard to see that /(c) = if and only if c = —1/26. In order to prove the 
CLT given by ([22]), denote 

1 T 



For all a e M, let Aria) = E[exp{aVT)]. We clearly have 



Aria) = exp I ^ 1 E 



exp 



Hence, we deduce from the decomposition (II. 9p with a = and b = a that 

(2.3) A.(a) ^ exp . Tc{o, ^) . «(o. -|) . ^.(o. ^) . .^.(o, -|)) 
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On the one hand, 



T eVT 



a ( \ 



where 



Consequently, as 



we obtain that 



(2.4) hm— — + T£0, ^, 
On the other hand, as (^^t) converges to —Q^ one can check that 



2 



Therefore, we infer from (12.31) . (12.41) and (12. 5p that 



(2.6) hm AT(a) = exp 



Convergence (12.61) holds for all a in a neighborhood of the origin which leads to (12.21) and 
completes the proof of Proposition [2l □ 

In order to obtain the large deviation properties for {St\ we shall make use of Lemma [H 
with a = and b = a. On the one hand, let 

Dh = e R / 9^ - 2a > and _ 2a > -SnOy 
It is not hard to see that Dh =] — oo, a//[ where 

(2.7) aH = y(l-4)- 

Consequently, as \Sh\ < 1, one can observe that the origin always belongs to the interior 
of Dh- On the other hand, for all a G D^, let ip{a) = \JQ'^ — 2a, 

(2.8) L{a) = CiO,a) = -^{9 + V 9^ - 2a) , 

(2.9) H{a) = H(0,a) = --log' '^^''^"^ 



2 ° V 2^(a) 

(2.10) Kria) = /C^(0, a) = log (^1 + M^^rT(a)^ . 

The main difficulty comparing to [3] is that the function L is not steep. Actually, 

L\a) ^ 



2V^2 _ 2a 
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which imphes that L'{aH) = —1/(266h)- Moreover, for all c > 0, L'{a) = c if and only 
if a = ttc with Qc = {AO'^c^ - l)/(8c^). Hence, Oc < an whenever < c < -1/{296h)- 
Denote by / the Fenchel-Legendre transform of the function L. Our first result on the 
large deviation properties of (St/T) is as follows. 

Theorem 3. The sequence (St/T) satisfies an LDP with good rate function 



(2.11) 



lie) 



( {29c + If 
8c 

cO"^ 



if < c < 



1 



H) 



-d 



205 H 

5h) tf c > 



266 



H 



^ +00 otherwise. 



Remark 2. In the particular case H = 1/2, then 6h = and the LDP for {St/T) is 
exactly the one established by Bryc and Dembo JE/ for general centered Gaussian processes. 

We are now going to improve this result by a Sharp Large Deviation Principle (SLDP) 
for {St/T) inspired by the well-known Bahadur- Rao Theorem [1] on the sample mean. 

Theorem 4. The sequence {St/T) satisfies a SLDP associated with L, H and Kt given 
by dM]), ([21]), and fl2:T0|) . respectively. 

a) For all —1/(26') < c < —1/{265h), there exists a sequence {h^f/) such that, for any 
p > and T large enough. 



[2.12) 



F(5t > cT) 



exp(-T/(c) + J(c) + Kh{c)) 



cV2^ 



^b^k ( 1 
fc=i 

fc=i 



while, forO<c< -l/{29), 

(2.13) F{St < cT) 
where 

(2.14) J(c): 
with 
(2.15) 



exp(-T/(c) + J(c) + Kh{c)) 



,V2TrT 



'- log 
2 ^ 



1 - 200 



Kh{c) 



-- log 

2 ^ 



'l + sm{7iH)){l + 29c5H] 
2sin(7ri7) 



4^2c2 



8c2 



and 



(J. 



4c^ 



Moreover, the coefficients b^^, b^2-> ■ ■ ■ i bc,p explicitly calculated as functions of the 

derivatives of L and H evaluated at point ac. They also depend on the Taylor expansion 
of Kt and its derivatives at ac. 

b) For all c > —1/{266h) , there exists a sequence (c?^^) such that, for any p > and T 
large enough 



(2.16) F{St > cT) 



exp{-TI{c)+PH{c) + QH{c)) 



^pMT 



fc=i 



6 



(2.17) Ph{c) = --log „• / m > V^^(c) ^ 



2 ^ V 45Hsin(7rif) J ' ' 2(1 - (sin(7r/J))2) 

(2.18) «- = ^^ ^- = -2^- 

Moreover, the coefficients d^^, d^2i ■ ■ ■ i ''^^V explicitly calculated as functions of the 
derivatives of L and H evaluated at point an ■ They also depend on the Taylor expansion 
of Kt and its derivatives at an ■ 

Remark 3. For example, the first coefficient b^i is given by 

a2 Vac 2 2 2a,ay 2a^^ 2Aay 8a^^ o?J 
where iq = L^'^^ac), kg = H^'^\ac), Sg = kg + kg, pn = {I — sm{7c H)) / sin{7rH) , with 

Ki = lim Krpiac) = ; ^TT-, 

T^oo ^' 2 + ph(1 + 2^c)' 

, . mpHc\Q+pH{^ + 2ec)) 

,rr , . ^ . ^^ c(l + 2^c) (2i7 - 1)^ 

fcfi = lim TiKriac) - Kh(c)) = } --^ — 

^'^ T-.00 ^ " 2?,m{TxH){2 + pH{l + 2dc)) 

In addition, one can also observe that = L"{ac) and ajj = L"{aH)- 

Theorem 5 For c = —1/{265h), there exists a sequence {d^) such that, for any p > 
and T large enough 



where an and aj^ are given by (12.181) and 



^ d¥ 



\ [y/TY ^tpVt 



Kh = ^log(5^,sin(7ri7)) + 1 log(-05^,). 

74s before, the coefficients d^ , d2 , • • • , c?2p "^^?/ explicitly calculated. 

Proof. The proofs are given in Section |H □ 



3 The maximum likelihood estimator. 

Our purpose is now to establish similar results for the maximum likelihood estimator. The 
almost sure convergence of 6t towards 6 was already proven by Kleptsyna and Le Breton 
[To] , see also Prakasa Rao [l3l[Tl] for related results. We just learn that the central limit 
theorem was established via a different approach by Brouste and Kleptsyna [5]. 
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Proposition 6. We have 

(3.1) \imeT = 9 a.s. 

T — ^oo 

Moreover, we also have the CLT 

(3.2) VffeT -e) ATfo, -26 ) . 



Proof of Proposition [HI The almost sure convergence (13. ip is given by Proposition 2.2 
of Kleptsyna and Le Breton [10]. For all c G M, denote 



Vt{c) = r QtdYt -i^ + e" ^' 



T 



/TJo VVT y VT 

One can easily check that 

(3.3) P(\/T(^t -d)<c)= P(Ft(c) < 0). 

Consequently, in order to prove the CLT given by fl3.2p . it is only necessary to establish 
the asymptotic behavior the sequence {Vt{c)) where the threshold c can be seen as a 
parameter. For all a, c G M, let Aria, c) = E[exp(aVT(c))]. We clearly have 

Axia, c) = exp ( TLt( —;=, ct) I where ct = ^ I — ;= + O] . 

V ^Vt v Vt \Vt J 

Thus, it follows from the decomposition (II. 9p that 

(3.4) Aria, c)= exp (tc(^^,ct) + ct) + /Ct(-^, ct) + 7^T (-^, c^)) . 



On the one hand, 



where 



= _ 2ct = -eJ 1 



2 



Hence, as 



we deduce that 



9 



a (a^-2ac) fl 
ioj, = -6 — + + o — 



(3.5) lim TC{^,cr^ ^ ' '""'^ 



T->00 / 4:9 

On the other hand, as {^Pt) converges to —9, it is not hard to see that 
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The conjunction of (13.41) . (13.51) and (13. 6p leads to 



(3.7) 



lim A7^(a, c) = exp 

T — s-oo 



(a^ - 2ac) 
46 



This convergence holds for all a in a neighborhood of the origin. Consequently, 
(3.8) 



Denote by V{c) the limiting distribution of (Vt(c)). It follows from a standard Gaussian 
calculation that 

(3.9) nV{c) < 0) = y exp(l^) dx. 

Finally, (13. 3p and (13.91) imply (13. 2p which achieves the proof of Proposition [61 □ 

In order to establish the large deviation properties of {6t), we shall make use of the 
auxiliary random variable defined for all c G M by 

(3.10) Zt{c)= [ QtdYt-cf QU<M>t 

Jo Jo 

since P(^r > c) = F{Zt{c) > 0). Let 

Dh = eR / e'^ + 2ac> and VO^ + lac > max(a + 6; -^^(a + e))|. 
After some straightforward calculations, it is not hard to see that 



D 



H 



Q 

af,af[ if c< -, 
af , a^l if c > ^, 



where a'^ = 2(c — 9) and 



c - 6fiH - V - 26cfiH + 
c - 6fiH + a/c^ - 2^c/iH + 



where fin = ^h- Iii addition, for all a G Dh, let V5(a) = vP + 2ac and 

(3.11) L(a) = C{a, -ca) = -^(a + 9 + V9^ + 2ac) , 

(3.12) i7(a) = ^K-c«) = -^log(^^4^(^ 



(3.13) 



Kr(a) 



r ( \ 1 1 /^i ^ (y(a) + a + e) , 

ICria, -ca) = -- log 1 + — — rri-ac, 

2 \ 2ip[a) 



The function L is not steep as the derivative of L is finite at the boundary of Dh- 
Moreover, L (a) = if and only if a = Oc with ac = (c^ — 6*^) / (2c) and ac G Dh whenever 
c < 6/3. 



Theorem 7. The maximum likelihood estimator {6t) satisfies an LDP with good rate 
function 



(3.14) 



Kc) 



{c-ef ,„ e 

- — : — — if c < -, 
4c ■' 3' 



2c -9 if c> 



e 



Remark 4. One can observe that the rate function I is totally free of the parameter H . 
Hence, {9t) shares the same LDP than the one established by Florens-Landais and Pham 
ISI for the standard Ornstein- Uhlenbeck process with H = 1/2. 

Theorem 8. The maximum likelihood estimator {6t) satisfies an SLDP associated with 
L, H and Kt given by (13.111) . (13.121) . and (I3.13p . respectively. 

a) For all 9 < c < 9/3, there exists a sequence {b^f.) such that, for any p > and T large 
enough. 



(3.15) ¥{9t > c) 
while, for c < 9, 

(3.16) ¥{9t < c) 
where 



(3.17) J{c) = --\o^ 



expi-TI{c) + Jic) + Knic)) 



,\pMT 



k=l 



exp(-T/(c) + J(c) + Kh{c)) 



k=l 



[c + 9){3c-9) 
4^^ 



Kh{c) = --log (I+Ph 



c- 



4c2 



with Ph = (1 — sin^nH)) / sin{nH) , 

c^-9^ 



(3.18) 



2c 



and 



1 

Yc 



Moreover, the coefficients 6^^, h^2^ . . . , b^^ may be explicitly calculated as in Theorem^ 
b) For all c > 9/3 with c 7^ 0, there exists a sequence (df^) such that, for any p > and 
T large enough. 



(3.19) 

where 
(3.20) 

with 
(3.21) 



>c) 



exp 



k=\ 



P(c) = --lo^ 



[c-9){3c-9) 



a" = 2(c - 



and 



c\2 



2(2c- 
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In addition, the coefficients d^^^, d^2i ■ ■ ■ i (^c,p "^^U explicitly calculated as in Theorem^ 
c) Finally, for c = 0, for any p > and for T large enough. 



(3.22 



F(^T > 0) = 2 



exp 



k=l 



As before, the coefficients d]^ , d2 , ■ ■ ■ , d^ may be explicitly calculated. 

Theorem 9 For c = 6/3, there exists a sequence (d^) such that, for any p > and T 
large enough 



(3.23) 



9 exp(-T/(c))r(l) 



J^pH /I 



fc=i 



where ae and (Tq are given by 



3 

26' 



(3.24) ag = —— and 

As before, the coefficients ef , ef^, . . . , may be explicitly calculated. 



Proof. The proofs are left to the reader as they follow essentially the same lines as that 
for the energy. □ 



4 Proofs of the main results. 
4.1 Proof of Theorem [4], first part. 

We first focuse our attention on the sharp LDP for the energy St in the easy case 
— 1/(20) < c < —1/{266h)- Let Lt be the normalized cumulant generating function 
of St- We already saw that Oc, given by (12.111) . belongs to the domain Dh whenever 
c < -l/{2e6H). For all -1/(26) < c < -1/(205^), we can split ¥{St > cT) into two 
terms, F{St > cT) = AtBt with 

(4.25) At = exp{T{LT{a,)-ca,)), 

(4.26) Bt = ET[exp(-a,(5T-cT))]Is^>,T 

where E-p stands for the expectation after the usual change of probability 

(4.27) ^ = exp(a,^T - TLT(ae)). 

On the one hand, we can deduce from (11. 9p with L{a) = C{0, a), H{a) = 7i(0, a), Kt^cl) 
/CT(0,a), and i?T(a) = 7^T(0,a) together with (121111 and (EUl) that 

At = exp(T{L{ac) - ca^) + H{ac) + KT{ac) + -RT(ac)), 

(4.28) At = exp(^-TI{c) + J{c) + KT{a,) + RT{a,)y 
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Consequently, we infer from (12.101) and fl2.14p that for any p > and T large enough 



(4.29) 



k=l 



where the coefficients (7^), which also depend on H, may be explicitly calculated. In 
addition, it is not hard to see from ( 11.13^ that the remainder Rriac) = 0(exp(— T/c)). 
Therefore, we deduce from (I4.28P and (14.291) that for any p > and T large enough 



(4.30) 



At = exp(-T/(c) + J(c) + Kh{c)) 



k=l 



where, as before, the coefficients (a^) may be explicitly calculated. For example, 

-2c(l + 2^c)rf 

a^ = . 

sm{7iH){2 + {l + 2ec)pH) 

It now remains to give the expansion for Bt which can be rewritten as 
(4.31) Bt = Et 

where 



exp(-ac(TcVTf/T)]I;7T>o 
St — cT 



U' 



..Vt ■ 



Lemma 10. For all —l/{26) < c < —1/{266h), the distribution of Ut under Ft con- 
verges, as T goes to infinity, to the Af{0, 1) distribution. Moreover, there exists a sequence 
{(3k) such that, for any p > and T large enough. 



(4.32) 



Bn 



f3o 



1 + ^4 + 



k=l 



J^k 



The sequence {j3k) only depends on the derivatives of L and H evaluated at point Qc- They 
also depend on the Taylor expansion of Kt and its derivatives at Qc- For example. 



1 



S3 ^ Slis 



£1 _ S2 

2 2 2ae(T2 ' 2a2 2Aa^ ' Sal 



3 ^ 



where iq = L^''\ac), hq = H^'^\ac), and Sq = hq + kg. 
Proof. The proof of Lemma [TO] is given in Appendix B. 



□ 



Proof of Theorem 14], first part. The expansions (12.121) and ( (12.131) immediately follow 
from the conjunction of (I4.30p and (14. 32^ . □ 
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4.2 Proof of Theorem [4], second part. 

We are now going to establish the sharp LDP for the energy St in the more comphcated 
case c > —1/{296h)- We have aheady seen that the point Oc, given by (12.111) . belongs to 
the domain Dh =] — oo, anl whenever c < —1/{296h)- Consequently, for c > —1/{296h), 
it is necessary to make use of a slight modification of the strategy of time varying change 
of probability proposed by Bryc and Dembo |6]. 

Now, we show a modification of the decomposition (II. 9p which allows us to replace 
rr(a) by pn in K^, putting the difference into the remainder term. The modified remain- 
der will be denoted by Rt- 

Lemma 11. For any a G Dh, we have the following decomposition 
(4.33) Lria) = L{a) + ^H{a) + ^K{a) + ^RT^a) 

where L and H are given by (12. 8p and (12.91) respectively, 

(4,34) 

and the remainder term 

(4.35) RHa) = --\og(l ' (^W + - Ph) 



2 {2+pHMa) + e6H 

, -2T^{a) 

(^{a)-9)i{2+pHMa) + 95H) 



Proof of Lemma IllL It follows from (ll.Op that 

Lria) = L{a) + ^H{a) + ^Kria) + ^i?T(a), 
= L(a) + ^H{a) + ^K{a) + ^Rr{a) 

where 

RT{a) = Kria) - K{a) + Rria). 
Hence, denote = — 2a, it is not hard to see that 

axp(-2fl,(.)) = f H^±(^±%M) (i + , (^+/)^ e--^^ 



2^^ + (y^ + ^)pH ; V - ^)(2¥' + + 0)rT{a)) 

^ 2y^ + {^ + 9)rT{a) (<^ + 0? ^-2T^ 

2(^ + ((^ + 9)pH - 9) (2^ + ((^ + ^)pj^ ) 

2^ + {^ + 9)ph - 9){2^ + + 9)ph) 

which ends the proof of Lemma [TTl □ 
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Denote by the suitable approximation of the normahzed cumulant generating function 
Lt given by 

(4.36) Ma) = L{a) + ^H{a) + ^K{a) 
The previous lemma enable us to write 

(4.37) LT{a) = Ay(a) + ii?r(a). 

One can observe that Ay is an holomorph function in the domain Dh- In addition, there 
exists a unique ax, which belongs to the interior of Dh and converges to its border an, 
solution of the implicite equation 

(4.38) A^(a) = c. 

After some tedious but straightforward calculations, we can deduce from (14.381) that there 
exists a sequence (a^) such that, for any p > and T large enough, 

(«9) «T = E^ + o(^) 

k=0 

with 

0Sh 

CiQ — djjj dl — 



02 



1 + 29cSh 
{29c6h{4: + sin{7iH)) + 2 + sin{-nH)) 



2(1 + 2ec6Hf 

Moreover, if ipx = '^{clt) = \JQ'^ — 2ar, we also have for any p > and T large enough, 
(4.40) ^, = f|| + o(^) 

fc=0 

with ^ 



^2 



1 + 29c5h 
{29c5h{5 + sin{7iH)) + 3 + sin{TxH)) 



2e5H{l + 2ec5Hf 
Hereafter, we introduce the new probability measure 

(4.41) = cxp^^otS't - TLT{aT, 

and we denote by the expectation under P^-. It clearly leads to the decomposition 

V{St > cT) = AtBt where 

(4.42) At = exp {TLriaT) - cTar) , 

(4.43) Bt = ErUxpi-aTiSr - cT))lLs^>,T 
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The proof now splits into two parts, the first one is devoted to the expansion of At while 
the second one gives the expansion of Bt- It follows from (I4.36p . (I4.37P and (]4.42p that 



(4.44) At = exp (^T(L(ar) - car) + (ot) + K{aT) + RriaT)) ■ 

We can deduce from the Taylor expansions of and ipT given by fl4.39p and fl4.40l) that 

T 

T{L{aT)-caT) = --{9 + ^t + ^cgt), 

1 ipk+i + 2cak+i 



-T{caH - L{aH)) - ^ - cai - ^ 



fc=i 



1 1 -e;^ ifk+i + 2cak+ 



k=l 



Consequently, we obtain that for any p > and T large enough. 



(4.45) 



exp(T(L(aT) - ca^)) = exp(-T/(c))v/i ^ + E |l + 

L fc=i 



where the coefficients (a^) may be explicitly calculated. For example, 

-1 



(2^c5//(4 + sininH)) + 3 + sini^nH)) . 



A96Hil + 2ce6Hy 
By the same way, we find that for any p > and T large enough. 



(4.46) 



k=l 



where the coefficients {Pk) may be explicitly calculated. For example, 

_ 1 + sin(7rg) 
~ mH{l + 29c5H)' 

The expansions for K{aT) and RT{aT) are much more tricky. On the one hand. 



exp(i^'(ar)) 



2(pT + {(fT + d)pH ' 



One can observe that 2(y9o + (v^o + d)PH = 0. Hence, multiplying the numerator and the 
denominator by T, we obtain that for any p > and T large enough. 



2T^i 



2Tlpt + T{lpt + 0)ph ' 



exp(i^'(aT)) = 
(4.47) = V^T5h(1-M(1 + 2^c(5h) 



1 + + 
fc=l 
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where, as before, the coefficients (7^) may be exphcitly calculated. On the other hand, 
the remainder Rx^aT) = Kx^ax) — K{ax) + Rx{clx)- It is not hard to see that 



exp{-2Rx{ax)) = — — h 



iVT + Of 



2ipx + (v^T + 0)ph i^T - d){2(px + {(fix + 0)ph] 
2ipx + {(fx + 0)rx{ax) 



exp{-2Tipx), 



2ipx + i^px + 0)ph 



+ 0{Texp{2eT6H)). 



Therefore, 



exp{Rx{ax)) 



2ipx + (v?T + 0)ph 
2ipx + {(fx + dyxiar) 



l + 0{Texp{2eT6H))). 



Recall that rx{a) = rH{^p{ci)T/2) exp{—Tip{a)) — 1. It is shown (equation flA.9l) in Ap- 
pendix A) that for any p > and T large enough. 



(4.48) 



2 P 2^r^ / 1 \ 



where the coefficients {r^) may be exphcitly calculated. For example, 

{2H - 1)2 



Consequently, we infer from (14.481) that 

T{rx{ax) - Ph) = Wxiax) + 



where 



Wx{ax) 



1 ^ 



sin(7riJ) ^ y?^T^-i' 
If fix = T{2ipx + (v^T + 0)ph), we obtain that for any p > and T large enough. 



exp(^T(aT)) 
(4.49) 



jix 



l_ix + {ipx + 6)T{rx{ax) - pu) 



1 - (sin(7riJ))2 



l + 0{TexY>{2dT5H)) 



k=l 



1 - (sin(7r/7))2 + 4rf (sin(7riJ))(l + 29c5h) 



where, as before, the coefficients {6k) may be explicitly calculated. Putting together the 
four contributions ( 14.45^ . (I4.46p . (14.47p . and (14.49^ . we find from (I4.44p that for any p> 
and T large enough. 



(4.50) Ax = exp{-TI{c)+RH{c))6HV'^(^0T sin(7ri7)(l + 20C(5h) 



where the coefficients (a^) may be explicitly calculated and 



k=l 



(4.51) 



Rh{c) 



(2/7-1)2 3111(71^) (1 + 29cSh] 
1 - (sin(7riJ))2 
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The rest of the proof concerns the expansion of Bt which can be rewritten as 



(4.52) 
where 



Bt = El 



U' 



exp(-arT[/T)]I(7j,>o 
St — cT 



Lemma 12. For all c > —1/{266h) , the distribution of Ut under Ft converges, as T 
goes to infinity, to the distribution of uhN'^ — 1h where N stands for the standard J\f{0, 1) 
distribution. 



(4.53) 



'jH = c - L'{aH] 



1 + 2ec6H 



296 



H 



(4.54) (l-(-(.ff))^)7„ 



1 - (sin(7riJ))2 - {2H - 1)2 sin(7r/7)(l + 2^c5/^) 
In other words, the limit of the characteristic function of Ut under Kt is 

exp^—i'jHu) 



(4.55) $(m) 



y/1 — 2iVH'U 

Moreover, there exists a sequence (Pk) such that, for any p > and T large enough, 

p 



(4.56) Br = ±^ + o{^). 

k=l 



The sequence {(3k) only depends on the Taylor expansion of qt at the neighborhood of an 
together with the derivatives of L and H evaluated at point an- They also depend on the 
Taylor expansion of Kt and its derivatives at a^. For example. 

Pi = ^7^exp(Q/^(c) - Rh{c)) 

anlHV 2T^e 



where Rh{c) is given by ( 4-51 ) and 

^ , _ (2if-l)2sin(7rff)(l + 2gcM 
^^^""^ 2(1 - (sin(7riJ))2) 

Proof. The proof of Lemma fT2] is given in Appendix B. □ 

Proof of Theorem [41, second part. The expansions fl4.50p and fl4.56p imply (12.161) . 
which completes the proof of Theorem HI □ 
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4.3 Proof of Theorem [5]. 



We shall now proceed to the proof of Theorem [5] which essentially follows the same lines 
as that of Theorem HI second part. First of all, one can observe that if c = —1/ {265h), 
then we exactly have Oc = an- As in the proof of Theorem |U there exists a unique a^, 
which belongs to the interior of Dh =] — oo, a^f and converges to its border aj/, solution 
of the implicite equation 



(4.57) 



K'Ja) 



296 



H 



where At is given by (14.361) . We deduce from (I4.57P that 

0{^T + Oph) 



(4.58) 



c(Pt{(Pt - 0){2 + ph)' 

Consequently, we infer from fl4.57p and (14.581) that there exists a sequence (a^) such that, 
for any p > and T large enough. 



(4.59) 
with ao = an, v^o 



2p 

E 

fc=0 



tpVt 



a2 



^2 



OH 

4 



and (fx = 

3/2 ^ v/^M^, 



2p 

E 

k=0 



ry 



tpVt 



'l + sin{nH)), 



4 



(3 + sin{nH)). 



Furthermore, we have the decomposition F{St > cT) = AtBt where At and Bt are 
respectively given by (I4.42p and (I4.43P . Via the same lines as in the proof of the expansion 
(I4.50p . we find that for any p > and T large enough. 



(4.60) AT = ei^^{-TI{c)){-e5HeTf'^^25H sin(7r/f) 



2p , 



where the coefficients (a^) may be explicitly calculated. It still remains to give the 
expansion of Bt which can be rewritten as 



(4.61) 
where 
(4.62) 



Bn 



T 



exp(-aTVTf/T)lI 



Ut>0 



St — cT 



T 



Lemma 13. Fore = —1/{266h), the distribution of Ut under Ft converges, as T goes to 
infinity, to the distribution of anNi + z/j:/(A^| — 1) where Ni and N2 are two independent 
A/'(0, 1) random variables and 

(4.63) al = L"{aH) - ^ 



(4.64) 



^H 



)3/2- 
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In other words, the limit of the characteristic function of Ut under Kt is 

exp( —irjHU — 
(4.65) ^(n) = - 



a/I - 2ir]HU 

Moreover, there exists a sequence {f3k) such that, for any p > and T large enough, 
(4.66) BT = y-^ + 0{^^) 

where the sequence {f3k) nT-dy be explicitly calculated. For example. 



Proof. The proof of Lemma [T^ is given in Appendix C. □ 

Proof of Theorem [5l The expansions (14.601) and (14.661) imply (I2.19p . which completes 
the proof of Theorem [5l □ 



Appendix A: On the main asymptotic expansion. 



We shall first prove the asymptotic expansion ( II. 9p of the normalized cumulant generating 
function £7^(0,6). This result was partially established by formula (5.12) of Kleptsyna 
and Le Breton [10]. By Girsanov's theorem, £7^(0,6) can be rewritten as 



CT{a,b) 



1 

T 



logE 



exp (a Qt dYt + hSr 



^logE^ 



exp((a + ^^-(^) / QtdYt + -{2h-e^ + ^^)St 



for all <y9 G M, where E<o stands for the expectation after the usual change of probability 



d^^ 
d¥ 



exp ((<^ - 9) £ Qt dYt -\{^^- 0^)St) . 



If 9"^ — 2b > 0, we can choose = ^9"^ — 2b and r = ^9 — (a + 6*) which leads to 



exp ( -r / Qt dYt 



(A.l) /:T(a, 6) = - log 

By It 6 formula, we also have 

Qt dYt = \ (IhYt £ t'^-^ dYt - t) . 
Consequently, we obtain from (lA.ll) that 
(A.2) 



^Tia,b) = - + ^logE^ 



exp ( — — Yt 



t 



2H-1 



dYt 
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Under the new probability Pi^, the pair (Yr, Jq t^^ ^ dYf) is Gaussian with mean zero and 
covariance matrix Ft Denote / and J the two matrices 



1 
1 



and 



J 



1 

1 



As soon as the matrix 



tI 



.1/2, 



is positive definite, we deduce from flA.2p together with standard calculus on the Gaussian 
distribution that 



(A.3) 



CT{a,b) 



log det(Mr(a,6)). 



2 2T 

Furthermore, it was already proven by relation (5.12) of [lOj that, if r > 



(A.4) det(MT(a,6)) 



1 

Zt 



xt(i + ^e^^ sinh(5T))^ - 1/t(i - ^e^^ cosh(5T)) 



with 6t = Tip/2, XT = Ih-i{St)I-h{St), Ut = Ii-h{St)Ih{St) and 

4sin(7riJ) 



Zt = XT - Vt 



TTipT 



where Ih is the modified Bessel function of the first kind. We refer the reader to [TT] 
Chapter 5 for the main properties of Bessel functions. Therefore, if pt = [xt + Vt) / zt 
and tt = 2pTe~'^'^ — 1, we deduce from (IA.4p after some straightforward calculations that 



(A.5) 



(2y.-r) ,(2(p-r)2 



T 



2(p 



-tt- 



Consequently, we infer from (1A.3I) and ( ]A.5p that 

{ T \ 



CT{a, b) 



-^{a + e + if)-^\og[ — ) 



1 / (2^-r)2 
2T °^ + T{2y, + rT{2^ - t)) 



\2^ J 2T 

2Tip 



2lfT 



log 1 + 



-2Tip 



(2y- 
2(f 



-Tt 



In order to complete the proof of Lemma [H it remains to show that the limiting domain 
reduces to 6'^ — 26 > and \/9'^ — 2b > max(a + 9; — ^^(a + 0)). On the one hand, we 
already saw that our calculation is true as soon as — 26 > and r > which can be 
rewritten as 

ip> a + 9. 

On the other hand, we also have the second constraint 



(A.6) 



(2ip - r) 

1 + ^ '-r-T > 

2(f 
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leading to 



(A.7) 



-2b> -5H{a + 



As a matter of fact, it follows from the asymptotic expansion (5.11.10) of [H] for the 
Bessel function Ih that for all 2; G C with \z\ large enough and | arg(2)| < 71/2 — 5 where 
5 is an arbitrarily small positive number and for any p > 



exp(2z) 
sin{TrH) 



1 1 



fc=i 



z\P+i 



Moreover, the coefficients 



may be explicitly calculated. For example, one can check 



that rf = -{2H - 1)74 and rf = 
coefficients {rj^) vanish to zero if H 



{2H - lf{2H + 1){2H - 3)/32. 
= 1/2. Consequently, 



In addition, all the 



(A.9) 



Ph + 



p 



sin(7riJ) ^-^ {(p{a))^T'^ 



O 



with = (1 — sm^TiH))/ sin^TiH). Hence, as T tends to infinity, (]A.6|) reduces to 
2v9 + (v? + (a + 9))ph > so ip{2 + pn) > -pnia + 6). Finally, as 5h = Ph/{'^ + Ph), it 
clearly implies (lA.Tp which completes the proof of Lemma [H □ 



Appendix B: On the characteristic functions. 
B.l Proof of Lemma [in. 



If $T denotes the characteristic function of Ut under P^, it follows from ( 14.27P that 



iB.l] 



^t{u) = exp 



h T Lt Uc + 



Or 



OcVT 



First of all, it is necessary to prove that for T large enough, $r belongs to L^(M). One can 
observe that, in contrast with [3], it is impossible here to make use of the Karhunen-Loeve 
expansion of the process {Xt). 



Lemma 14. For T large enough, $7- belongs to L? 
Proof. It is a direct consequence of Proposition [19] page 



□ 



We shall now establish an asymptotic expansion for the characteristic function <l>r, similar 
to that of Lemma 7.1 of [3]. 

Lemma 15. For any p > 0, there exist integers q{p), r{p) and a sequence {'^^i) indepen- 
dent ofp, such that, forT large enough 



V fc=o i=k+i I V -t ; 



+ 



^ /maxfl, ImT^p)^ 



and the remainder O is uniform as soon as \u I < sT^/^ for some positive constant s. 



21 



Proof. It is rather easy to see that for all k e N, R^t\(^c) = 0{T'' exp{-T /c)). Hence, 
we infer from ([L9]) together with (^M), O, fl230D that for all G N, 

(B.3) = L'^'Ka,) + fH^'Ka,) + ^K^f\ac) + 0(T^' exp(-T/c)). 

Therefore, we find from (IB.ip and (IB. 311 that for any p > 0, 



2 2p+3 / . N A: 

log --^rg(-^) 



M „ lU \ L"- '[a. 



V ^ ^ i/(^)(ae)+4'H«c) /max(M^ 

We deduce the asymptotic expansion flB.2p by taking the exponential on both sides, re- 
marking that, as soon as |m| < sT^^^ some positive constant s, the quantity u''/{VT)^ 
remains bounded in (]B.2p . □ 

Proof of Lemma IIOI It follows from Parseval's formula that B^, given by (14.311) . can 
be rewritten as 

1 / / ^ tu 



(B.4) Br = ^ / 1 + ^ Mu)du. 

For some positive constant s, set st = sT^^^. We can split Bt = Ct + Dt with 

(B.5) Ct = [ (l + — <^T{u)du, 

27racacVT J\u\<st \ acf^cvT J 

(B.6) Dt = [ f 1 + — <^T{u)du. 

2iTacO'cyT J\u\>st \ clcO'cvT J 

Prom now on, we claim that for some positive constant z/, 
(B.7) \Dt\ = 0{exp{-uT^/^)). 

As a matter of fact, it follows from (IB.ip that 

I^tWI <exp (t (^LT(a, + - LT{a,)^^ . 

We also deduce from (12. 8p that L{ac) > and thus, using Proposition [201 "we find that 



T\u\ / 2\u\ 



|$T(n)| < exp(-TL(ae)) exp ' ' ^ 1 + 



-3/4^ 



which leads to (lB.7p . Finally, we deduce (14.321) from (]B.2|) and (IB.SP together with stan- 
dard calculus on the A/'(0, 1) distribution. □ 
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B.2 Proof of Lemma [12 



If $T stands for the characteristic function of Ut under P-r, we have from f l4.4ip 
(B.8) ^xiu) = exp (^-iuc + T (^Lt (ot + ^) - LtM^ ^ . 

As in the proof of Lemma [TOl it follows from Proposition [19] page [29] that for T large 
enough, $t belongs to L^(R). We shall now propose an asymptotic expansion for $t, 
slightly different from that of Lemma 7.2 of [3]. 

Lemma 16. For any p > 0, there exist integers q{p), r{p), s{p) and a sequence {^Pkim) 
independent of p, such that, forT large enough 



$t(u) = exp (^-^^) 



P q(p) r{p) H „,l , I \s{v\\ 

llVVY^ ^Ki^rn^ / max(l, 

/c — 1 / — 1 TYh — 1_ 



where $ is given by ( [^.55p , 



1 + 29c5h 2 w// X 1 

and 

(l-(sin7rif)2)7H 



1 - (sin ttH)^ - {2H - 1)2 sin ttH{1 + 2^c5//) 
Moreover, the remainder O is uniform as soon as \u\ <sT'^^^ for some positive constant 



s. 



Remark 5. One can observe in this asymptotic expansion the limiting distribution $ 
together with an independent centered Gaussian distribution with small variance a'^/T. 

Proof. First of all, we deduce from (I4.33P that 

(B.9) LtM = LM + ^Hiar) + + ^RtM- 



On the one hand, (12. 8p implies that 



T(^L[ar+'^)-L{ar?j 



with 6t = 2/(y9^. Consequently, for all p > 2 



exp (t (l {ar + f ) - Liar))) = exp -T^Yj,{^^)' + » (' 

where h = -{2k)\/{{2k - 1)(2'=A;!)2) which leads to 



TP 



(B.IO) exp ( -mc + T ( L(aT + — ) -iv(aT; 
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exp I —iw^H 



2T 



P lip) HI 



maxd, \u\'^P^] 



k=l 1=1 

On the other hand, we also have from (12. 9p that for all p > 1 



exp \ H[aT + 



lU 



IfT — 



^T-Oil-iubr/Tyy^^ 



1/2 



e 



k=l 



T 



-1/2 



with hk = {2k)\/{2^k\f. Hence, 
(B.U) exp(^i7(aT + ^) -//(aT)j 



k=l 1=1 

Furthermore, it follows from f l4.34p that for all p > 1 

2lpt + i^T + 0)ph 



exp fir(^aT + ^) - K^ar] 



2ipT + VtVh + OpnO^ - iubx/T) 



1/2 



\U 



IP+I 



'1/2 



k=l 



TP 



where ct = T{2ipT + (v^r + G)'Ph)- Therefore, if 



drM = 1 + 



2C7 



we find that for all p > 2 

(B.12) expfK[aT + j)-K{aT) 



T 



+ 



-O 



\u 



p+1 



-1/2 



TP 



One can easily check that as T goes to infinity, the limits of 6^, ct and dxiu) are respec- 
tively given by 2/{05hY, ~(2 + 26c5h) and 1 — 2i'jHU, where 7// is given by 
f l4.53p . Then, we infer from (]B.12p that for all p > 2 



[B.13) 



1 



y/1 - 2i-fHU 



exp (k (^qt + - 



P q{p) r{p) 
^ ~^ Tk(l - 



^ k,Lm"' 



k=l 1=1 m=l 



2ii'Hu) 



+ 



/ max(l, \u 



s{p)\ 



Now, in contrast with [3], the remainder term plays a prominent role that can't be 
neglected. Let = T{ipT + ^)(^('2t) — 'Ph)/ct and 



T 



rr(aT + ^) - ) • 
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One can observe that C,t and ^t(m) share the same hmit 

2(1 - 6h){1 + 29c5H)r^ {2H - l)^ sin(7r//)(l + 20c5h; 



\imjriu)=^^ 5^(2+p^)sin(vr/7) 



1 - (sin(7r/7))2 



In addition, it follows from fl4.35p that 



exp [RriaT)) 



Ct 



Ct + Ct^T 



1/2 



l + o(Texp{2eTSH) 



-1/2 



l + 0[Texp{29T6H] 



Moreover, we also have 



exp ( Rriar + ^) 



driu) + exiu) 



-1/2 



where 



Ct 



iuhr \ ~^/2 



T 



1 - 



l + o{Texp{2eT5H] 



iuhj 
~2T 



Therefore, via the same lines as in the proof of fIB.lSp . we find that for all p > 2 



(B.14) 



y/l - 2i'^HU 

a/1 — 2iuHU 



lU 



exp yRxyaT + ^ ) ~ ^T^ax) 

p qIp) r{p) 



rpkn 



+ 



/max(l, \u 



s(p)^ 



with 



(1 - (sin(7ri7))2)7^ 



1 + 1 - (sin(7ri7))2 - {2H - 1)2 sin(7ri7) (1 + 2^c5jy) ' 

Finally, Lemma [IS follows from the conjunction of flRlOl) . flRTTl) . flRl3l) . and fiRTil) . □ 

Proof of Lemma 1121 Via Parseval's formula, Bt, given by fl4.52p . can be rewritten as 

-1 



[B.15) 



2'KTaT 



lU 



Tan 



<^T{u)du. 



Let > such that \/T = o{st) as T goes to infinity. We can split Bt = Ct + -Dr 
where 



(B.16) 
(B.17) 



Ct 
Dt 



1 



1 



1 + 



1 + 



Tai 



lU 

Taj 



^T{u)du, 



^T{u)du. 



On the one hand, we find from Proposition [T^ and the fact that x i-^ x(l + x) is 
increasing that for some positive constant /i, that 



Dt\ = C (t(1 + T3/2) 

exp 



/i4 / s 



^\-3/4 
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It clearly leads to 

\Dt\ = 0{exp{-iJsl/T)). 

On the other hand, the asymptotic expansion for Ct, which immediately leads to fl4.56l) . 
follows from Lemma [251 completing the proof of Lemma [T21 □ 



B.3 Proof of Lemma [ISJ. 



The proof follows the same lines as the proof of Lemma [T21 The most important difference 
is that the scale of Taylor expansion is in ^/T instead of T. Since $t is the characteristic 
of Ut defined by fl4.62p under Ft defined by (14.411) . we have: 



(B.18) $t(w) = exp i^-^ + T (^Lt {ar + ^) " LtM^ 

As in the proof of Lemma dUl it follows from Proposition [12] page [22] that for T large 
enough, ^j- belongs to L^(M). We shall now propose an asymptotic expansion for <I>t, 
slightly different from that of Lemma [ 



Lemma 17. For any p > 0, there exist integers q{p), r{p), s{p) and a sequence {^kim) 
independent of p, such that, for T large enough 



where $ is given by (14.651) . Moreover, the remainder O is uniform as soon as \u \ <sT^^^ 
for some positive constant s. 

Proof. First of all, we deduce from (14.331) that 

(B.19) Lriar) = Har) + ^H{aT) + ^Kiar) + ^RtM- 

On the one hand, (12. 8p implies that 

with bx = 2/ip'^. Consequently, for all p > 2 

exp (^T (^L(aT + -^) - L(ar)J J = exp +0(^ 



p+i 



where h = -{2k)\/{{2k - l){2''k\y) which leads to 



(B.20) I + ^ (^^^^ + ^) - 



26 



exp[—iur]H 



1 + E E 



On the other hand, we also have from fl2.9p that for all p > 1 



+1 



exp H\aj' + 



lU 



1/2 



e 



LfT — 



k=l 



+ 



p+i 



^1/2 



with hk = (2A;)!/(2'=A;!)2. Hence, 
(B.21) exp (h (gt + ^) - HM 



P lip) „l,H „,l I \s{v\\ 



T 



k=\ 1=1 

Furthermore, it follows from fl4.34p that for all p > 1 

2(pT + (v'T + 0)ph 



+1 



exp yK(^aT + "^^) ~ K{aT 



1/2 



Ct 



A;=l 



-O 



Ct 



ip+i 



-1/2 



r 



where ct = \/T{2(pT + {(px + S)ph)- Therefore, if 



driu) = 1 + 



2ct 



we find that for all p > 2 



(B.22) 



exp \ KlttT + 



lU 



T 



KM 



O 



\u 



P+i 



-1/2 



One can easily check that as T goes to infinity, the limits of 6^; ct and dxiu) are respec- 
tively given by 2/{96h)^, (2 + Ph)V~^^h and 1 — 2iriHU, where rjn is given by (14.641) . 
Then, we infer from (IB. 221) that for all p > 2 



fB.23) 



-v/1 - 2iT]HU 



exp ( + ~ K{aT 



P l{p) r{p) 

i + EEE 



/max(l, 

fc=r ;^i v^'(l - 2iuhu)-^ ^ vf^' 



Now, in contrast with [3], the remainder term Rt plays a prominent role that can't be 
neglected. Let C,t = y/T{ipT + 0)(r{aT) — Ph)/ct and 



Ct 



lU 



Ph 
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One can observe that C,t and ^t(m) share the same hmit 

hm ^r(w) = 0. 

T — ^oo 

In addition, it follows from f l4.35p that 

Ct 



exp (i?T(aT)) 



Ct + ct^t 



1/2 



'1/2 



l + 0\^VTexp{2eT6H 
l + o(VTexp{2eT6H 



Moreover, we also have 



exp ( RxiaT + 7^ ) 



where 



TJ 



driu) + eriu) 



l + 0{VTexp{2eTSH] 



epHT 

Ct 



iuhT \ 



iub 



J ■ 



Therefore, via the same lines as in the proof of flB.23p . we find that for all p > 2 



(B.24) 



lU 



exp ( i?T ( ot + Y ) - RAdT) 



P g{p) r(p) 
k=l 1=1 m=l VT (1 - 2iUhU) 



+ o( 



maxfl, lul'^^P^] 



;P+1 



Finally, Lemma [13 follows from the conjunction of (Ib:20|) . (Ib:2B . dEH]), and (iRMjl -P 
Proof of Lemma I13L Via Parseval's formula, Bt-, given by fl4.52p . can be rewritten as 

1 



[B.25) 



Bn 



27vTaj- 



1 + 



Taj 



^T{u)du. 



For some positive constant s, set st = sT^^^. We can split Bx = Ct + Dt where 

1 



(B.26) 
(B.27) 



2'nTaT J\u\<st \ ^Qt 



1 + 



^T{u)du, 



1 + 



-1 



^T{u)du. 



2'KTaT J\u\>ST \ Tqt, 
On the one hand, we find from Proposition [19] that for some positive constant n, 

\Dt\ = C(exp(-^4/r)). 

On the other hand, the asymptotic expansion for Ct, which immediately leads to (14.560 . 
following the same arguments as those of Bercu and Rouault [21 page 18]. □ 
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Appendix C: Technical results. 

C.l Statement of the results 

The main interest of the decomposition (14.331) is given by the two following results. They 
show us that the different functions we deal with are holomorphs and that the behaviour 
of the remainder is negligeable in our calculations. 

Proposition 18 Denote 

Pa = {a € C, Re{a) < gh} 



and, for e > 0, 



aeC, Re{a) Kan- e{2 + £)^^ \ ■ 



Then, for T large enough, we have the following assertions. 

a) The functions (p, Lt, L, H, K and Rt have analytic extensions to "Da- 

h) The function {a,T) R^la) is C°° on x [Ta,+oo[, for Ta depending only on 
H and 9. 

c) For e > 0, and for all a eT>i, 

exp{H{a) + K{a)) 



< 



i2+pH)i6H + l) 



V2 + Ph\ e 



d) There exists a constant C depending only on 9 and H such that for T large enough 
and for all a e Pi, 



^ < |exp(-i?T(a))| < CWl ^ ^ 



2 T^e{6H9Y - ' n\- y ' t Te' 

Proposition 19 For T large enough, for e > 2C /{T'^{5h9Y), a G Pi n M and u G M, 

exp(T(Ma + m)-LHa))) < C(l + T=^/^) exp ( --^^T + 4j^) 

\ 8V2(^(a) V («)/ 

and the map 

u I— >• exp(T {Lxia + iu) — LT^a))) 

belongs to ^^(IR). 

Proposition 20 As T goes to infinity and a G M such that a < an, we have 

-1 



exp(— ^^^(a)) = O I max I 1 



T(y.(a) + Sh9) 
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C.2 Proofs of the results 

We shall denote the principal determination of the logarithm defined on C\] — oo, 0] by 

log [z] = log \ z\ + iArg{z), 



where 



Arg{z) 



arcsm 
arccos 
— arccos 



Im(z) 
' Re{z) 

\A 

Re{z) 



if Re{z) > 0, 

if Re{z) < 0, Im{z) > 0, 

if Re{z) < 0, Im{z) < 0, 



Proof of Proposition 

a < au 



Since T S't is a positive increasing process, then for 



E [exp(aS'T)] < lim exp(TLT(a)) < oo. 

T — >+oo 

Lebesgue dominated theorem yields that a i-^ E [exp(a5'T)] has an analytic extension to 
{a G C, Re{a) < an-}- In order to prove Proposition [T51 we have to obtain the same 
result for ip, L, H, K and Rt- The proof is split in steps. First, we study the function Lp. 



Lemma 21 The function has an analytic extension on {a G C, Re{a) < an}, still 
denoted by ip such that Arg{{p) g] — ^, |, [, Re{ip) g] — 6h0, +oo[, Im{ip){a) vanishes if 
and only if Im{a) = 0, and for e > 0, 



inf {Re{ip{a))} > -eSnil + e). 

aeVi 



For all a > an and z G M, 

(C.l) Re{ip{a + iz) - ip{a)) > 



2V2(p{i 



1 + 



2kl 



-3/4 



Proof of Lemma 1211 The properties of (p relies on the properties of the analytic function 
defined on Re{z) > by 



Vl + -2 = vll + -2| exp 



Arg{l + z) 



and the fact that Lp{a) = —Sndy^ + -g^{o-H — o,). 

Since for Re{z) > 0, Arg{z + 1) belongs to ] — |, |, [, then Argy/1 + z belongs to 
Its imaginary part is 



4' 4' 



Im{vT+z) 
Its real part is given by 



1 + z\- Re{l + z) 



sign{Im{z)). 



V2 
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is an increasing function of Im{z) then fulfills 



ReiVTTz) - 1 > 



Re{z) 



1 + ^Re{l + z) ' 



and for all z, such that Re{z) > e{2 + e), Re{y/1 + z) — 1 > e. Inequality fIC.ip is a 
consequence of the fact that for x > 0, 



X 



V2> 



X 



4v^(l + x)4 



□ 



Hereafter, we study H and K. Observe that for a g] — oo, 0], H{a) = H{(f{a)) and 
K{a) = k{ip{a)) where for z eC, Re{z) > -ShO, 



H{z) 

k{z) 



log 
log 



z-e 

2z 



\ z + e 



Then, the expected properties on H and K are some consequences of Lemma HT] and the 
same properties of H and K oyi{z & C, Re{z) > —ShO} instead of {a G C, Re{a) < an}- 

Lemma 22 The functions H and K admit analytical extensions on {z, Re{z) > —Snd}. 
Moreover, for all e > 0, we denote by 

V2 = [zeC, Re{z)>-6He{l + e), \Arg{z)\<jY 

and we have for z eT>2 

4 



5 



H 



{2 + ph){5h + 1] 



< 



exp{H{z)+K{z] 



< 



l + e 



Proof of lemma 1221 : Using the expression of the functions H and K, it is easy to 
prove the analytical extensions of H and K on {z & C, Re{z) > —6h6}- For it is a 
consequence of the fact that for z G C, Re{z) > —ShO, 

i?e(l + ^p,)>l + - + ^^>l + - + -^ = 0. 
It remains to prove the inequality states in the lemma but, using the fact that, 
Hiz) + k{z) = (log [z-e]+ log [2z +{z + e)pH] - 2 log [2z]) , 
= -i (log [z-e]+ log [(2 + ph)z + Oph] - 2 log [2z\) , 



-- ( log [z-e] + log [2 + ph] + log 



z + 



0PH 



-2 log [2z] 



2 + Ph_ 

(log [2 + Ph] + log [z-9]+ log [z + ShO] - log [4] - 2 log [z]) . 
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thus 



[2+ph){z-9){z + 96h) 



A/2 



where ^/z = ^y\z\exp{iArg{z)/2). Since for z G C, \Arg{z)\ < j, \Im{z)\ < Re{z), if 
moreover we have Re{z) > —6h0{1 +e), then 



1 > 



z + 5h0 



^ Re{z) + 5h9 ^ e 



and 



1 + Sh 



6 



> 



H 



z-e 



Re{z) - (l + s) 



^ Rejz) -e 
- 2Re{z) - 



We have used the fact that the function x i— >■ ^^^"S ■ jncreasiner and x i— ^ ^— ^ is decreasing. 
The third point of proposition [18] is then proved. □ 
Now, we focus on Rt. First, observe that for a G C, such that Re{a) < 0, RT{a) = 
RT{(p{a)), where for z E C, such that Re{z) > ShO, 



Rt(z) = — loe 



+ 



-2Tz 



{2 + ph){z + due) {2+pH){z-e){z + dni 



(C.2) 

(C.3) 
where 



-- log 
1 



zi2+pH)iz + SH0) + ziz + 9){fTiz)-pH) + 



z{z + 



-2Tz 



(z-e) 



+ -log [z{2+pH){z + 6Ht 



-2 (log 



RiAz) 



Tz 



-log[(2 + pH)^]-log [z + Sne] 



-Tz 



1. 



4,t(^) = z{2 + ph){z + ShO) + z{z + d){fr{z) - Ph) + ^-^l±^e-'^\ 

[z-e) 

The properties of Rt are some consequences of lemma EH and the following lemma. 
Lemma 23 Denote 

V, = [z, Re{z) > -dne, Arg{z) 

For T large enough and for all z G V3, Ri^t{z) G C\] — 00, 0]. 

In fact, lemma [23] and decomposition (]C.3P give us an analytical extension of Rt on 
X>4. Moreover, there exists T4 depending only on H and 9 such that the function 



(2+ph)^(^ + M 
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is and never vanishes on {{z,T) , z G V4, T > T4} and is C°° with respect to {z,T). 

Since, Rt = Rrif), then (a,T) 1— Rxi^a) is C°° on T > T4 and {a, Re{a) < an}- The 
second point of proposition [TS] is then proved. □ 

Proof of Lemma 1231 We recall that for 2; G C such that Arg{z) G 

exp{2z 



7r 7r 
4' 4' 



sin(7r/f) 



where F is a continuous bounded function. Then, for z G X's, 

Mz)-ph = y; + j^^(Tz). 



We can exhibit a polynomial term from Ri^t{z) 



Ri,t{z) = z{2 + ph){z + 6h0) + z{z + 



1 



z{2 + pH){z + 5He) + (2; 



T 



\Tz'' T^z^ 

z + e 



F{Tz) + 



ziz + 



+ 



T2z 



(C.4) 
Let us denote 



z{2+pn){z + 5He) + {z + e)'^ + '-±^ 

1 I ^z \ 



(f{t 



z) + 



[Z-U) 

Th\z + i 

(z-e) 



-2Tz 



(C.5) 



P^{z) = z{2 + pH){z + 6He) + {z + 



T 



C = — ^ sup 



5 



H {Z&V3} 



F{Tz) + 



{z-ey 



Observe that for z ^ V3, on the one hand 



ImipTiz)) = \Im{z)\ i2 + pH){2Re{z)+5He) + 



< +00. 



ri 



T 



> \Im{z) 



^ (-O/ffc') + ^ 



Then, for 2; G C, such that 



Im{z) > 



2+Ph -5h0 
\Im{Ri^T{z))\ > 0. On the other hand. 



C 



i?e(PT(^)) = {2+pH)Re{z){Re{z) + 5^0) + -^Re{z) - {2 + pH)Im{z 



T 



>-6He'j;-{2+pH)Im{zf, 

Then, for T large enough, for all 2; G "Ds such that if 

4 1 



Im{z) > 



2+Ph -5h0 



C -n 
\ 

2^2 2^ 
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then Re{Ri^T{z))) > 0. We are allowed to conclude that for T large enough, for all z G V^, 

Ri^t{z) eC\]- 00,0]. □ 

It remains to prove point 4 of proposition [TSl This is given by the following lemma. 
Lemma 24 Denote 

Vi = {zeC , Re{z) > -dneil + e)} . 

Then, there exist a constant C depending only on 9 and the index H, such that for T large 
enough, and z G 1^4, 



< 



expl —Rt{z] 



<^ C 1 



1 1 



Proof of lemma [24] : Observe that 



expi-Rriz^ 



{2 + ph)\z\\z + 6h9\' 



From dOi]) and (lOSD . 

\Pt{z)\ 



C 



< 



\RiAz) 



< 



\Pt(z) 



c 



{2 + pH)\z\\z + 6He\ r2 - (2 + pH)\z\\z + 6He\ - {2 + pH)\z\\z + 5He\ 

On the one hand, using the very definition of Pt, 



P{z) 



• r_^ 9r^{l-5H) 

^ ~r r-r-i ~r 



T T{z + 5e) 



{2+pH)z{z + 5He) z 
and since ri6 > 0, then for z G C, Re{z) > —6h0, for T > 2ri6^^5j^ 

P{z) 



{2 + pH)z{z + 6Hi 
On the other hand, 

Hz) 



> 



ri 



Reiz) + ^j;] +Im{zy>-. 



1 ^ ri9{l + Sh) 



{2 + pH)z{z + 6He) T{2 + ph)z T {2 + pH)z{z + 5Hi 



and 



P{z) 



{2+pH)z{z + 5Hi 



< 1 



ri 



+ 



ri^(l + 5h] 



e6HT{2 + pH) T {2 + pH)6le^e) 



□ 



The proof of Proposition [T8l follows from the conjunction of Lemmas [2T] to [2 



□ 
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Proof of Proposition 1191 : Using the decomposition fl4.33p page [13], the third point of 
Proposition [TSl the fact that for a eVi, 

< inf {exp(i?T(a + ^m))} < snp {exp{RT{a + iu))} < oo. 



and since Re{a + iu) = Re{a), we only have to bound 

u I— > exp(T(L(a + iu) — L(a))). 
The bound is clearly given by inequality ( IC.ip . 



□ 



Proof of Proposition [20] : Recall that, from Lemma [23l -Rt(«) = Rri^io.)) with Rt 
given in (]C.2p . Moreover, there exists < < < —ShO such that 



R,^t{z) - (2 + ph){z -ZT)i^-z^) = 0{^]. 



Since, < Zj. < < —ShO, then for all z e] — Sh, +oo[ 

{2 + pH)iz - z:^){z - zj) 



{2+pH)z{z-6Hi 



< 1. 



Consequently, 



exp(-i?r(a)) < + 



Ri,Ti^{a)) - {2 + pH){^{a) - Zr^){ip{a) - z^] 



O max 1: 



{2+pH)^{a){^{a) + 6He) 
-1 



r(v9(a) + Sne) 



which ends the proof of Proposition 



□ 



C.3 A contour integral for the Gamma function. 

In order to obtain an asymptotic expansion for Bt-, it is necessary to make use of the 
following lemma which slightly extend Lemma 7.3 of [3j. First of all, denote by fa^b the 
density function of the Gamma Q{a, b) distribution with parameters a,b > 0, given by 

b"- 

exp(— 6x) if X > 0, 



(C.6) faA^) = { r(« 

otherwise. 

For all integers k,i > 0, and for all positive real numbers a^, 7, z/, let 

f h e\ Svro^^i^ (2fc+£) 
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Lemma 25 For any integers p > and i > 0, we have 

k=0 



wi/i 6 = 7/(2z/). 



Proof of Lemma I25L Denote by N^j the Gaussian kernel with positive variance a 



2 



1 / 



Na{x) = — =exp 



It is well-known that the characteristic functions of N^r and fa,b are respectively given by 



2 2 



N„{x) = exp —j and fa,b{^) ^ y- ~ ^ 

Then, it follows from Rudin [15] page 177 that for all integer i > and for all positive 
real number a, b, t 

(C.8) J^exp (^-tvx - v'Uiv) dv = 2m'U * Ni'\x). 

Via the same lines as in |3j page 17, it is not hard to see that for any p > 

(C.9) * iVW(x) = Y: ^fSr\^) + 0{r^^-^^^ 

fc=0 

Hence, we deduce from the conjunction of ( 1C.8I) and ( 1C.9I) with = cr^/(T7^) that 

r / 2 2 \ P Ik 1 

(CIO) I exp - .'7.,(„) d« = 2.^' 5: -j^/<-«)(.) + O(^) . 

Finally, by taking the values x = \ and h = 7/(2z/) together with the change of variables 
u = v/j in (IC.lOp . we find that 



(C-ll) / exp (-^,u - '-^) rfn = V ^-^^ + of-i 

^ ^ A V 2T y (1 - 2iz/u)» ^ \TP^ 

which completes the proof of Lemma [251 □ 
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